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ABSTRACT 

We compute the maximal and minimal value ofP[XN ffi XN+I = 1] for fixed 
e[xs  ffi 1], where (XN)~Z is a 0-1 valued l-dependent process obtained by a 
coding of an i.i.d.-sequence of uniformly [0,1 ] distributed random variables 
with a subset of the unit square. 

1. Introduction 

A stationary, 0-1 valued, stochastic process (Xs)sez is 1-dependent  if  

P [ X - s  -- i - v , . . . ,  X - I  = i - l ,  XI = il . . . . .  X s  = is] 

= P [ X - s  = i - v , . . . ,  X - I  ffi i - i ] ' P [ X l  = il . . . .  , X s  = iN] 

for all N >-_ 1 and for all i _ N , . . . ,  i_l, il . . . . .  /~E{0, 1}. 

For quite a long time it seemed to be folklore to conjecture that each 1- 

dependent process is an indicator process (we will define that), but recently 

Aaronson and Gilat ([AG]) found a counterexample of  a 1-dependent process 

that is not an indicator process. A paper by Aaronson, Gilat, Keane and De Valk 

[AGKV] on a two-parameter family of  such counterexamples has been written. 

Let J b e  the unit interval, ,/2 the unit square, let 2 and/z be Lebesgue measure 

on J and J2 resp. and let ,4 be the collection of  #-measurable sets in J~. 
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Let (Uu)u~z be an i.i.d, sequence of random variables uniformly distributed 
over J. Define for each A EA the corresponding indicator process (Xu)N~z: 

Xu.={O, if(Urn Uu+,)q~A, 

1, if(Uu, Uu+O6A. 

It is easy to see that each indicator process is a 1-dependent process and that 

P[Xu = 1] =/z(A). 

From now on we reserve a for the Lebesgue measure of A (thus a =/z(A) is the 
probability of a one). 

In 1971 Katz [Ka] computed (translated to our terminology) the maximal 
value of a 2-correlation P[Xu = Xu+l = 1 ] over the class of indicator processes 
for fixed a. 

Finke IF] (1982) was the first to interpret Katz's mathematical objects as 
correlations in stochastic processes. 

Recently Gandolfi, Keane and De Valk [GKV] proved a more general result 
about the maximal value of a 2-correlation over the class of 1-dependent 
processes. They computed that the 2-correlation (for fixed probability of  a one) 
has the same upper bound over the class of 1-dependent processes as over the 
class of indicator processes. 

Further, they proved that there exists a unique 1-dependent process with 
this 2-correlation if the probability of a one is not ½. If the probability of a one is 
I :, there exist exactly two 1-dependent processes with this 2-correlation (and 
both are indicator processes). So, the conjecture mentioned in the beginning of 
this section does not hold in general, but is true for these extremal cases. 

In this paper we will compute the minimal 2-correlation for all indicator 
processes. For a ~ (~, ~) we have been able to compute the minimal 2-correla- 
tion for 1-dependent processes, finding the same lower bound ([GKV]). 

For a~(~, ~) we know that there exists a unique process with this 2- 
correlation ([GKV]). 

2. Basic properties 

For A ~A we define the horizontal and vertical sections HA and VA: 

HA(y):=2{x~J:(x,y)EA}, yEJ, 

VA(x):=2{yEJ:(x,y)EA}, xEJ, 
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and we define Ix: 

LEMMA 1. 

equal to Ix. 

1A : =  fo  ~ H~(x)V~(x)da(x). 

The 2-correlation P[Xu = XI~+~ = 1] of  an indicator process is 

by 

= fo  ~ H.(x)V~(x)dS~(x) 

= IA. [] 

We define the maximal  and minimal  2-correlations of  an indicator process 

Max(a) :=  sup{IA : A CA ,  It(A) = a}, 

Min(a) :=  inf(Ia : A ~A,  It (A) = a}, a E J .  

Before we describe the sets for which these extremal values are attained, we 

state three simple lemmas. 

Let A c :-- j 2 \ A  be the complement ofA.  

LEMMA 2 (Complement Lemma). For A CA with It(A) = a we have 

and therefore (for a C J) 

Min(a) = Min(1 - a) + 2a - 1 

PROOF. We have 

implies 

Ia = IAc + 2a - 1 

and M a x ( a )  = M a x ( 1  - a )  + 2 a  - 1. 

HA,(X) = 1 --HA(X) and VA,(x)= 1 -- VA(x) which 

PROOF. Directly from the definitions, 

P[X# = Xx+I = 1] = P[(UN, UN+I)CA, (U#+,, Ujv+2)CA] 

L = P[(UN, UN+I)CA,(UN+I, UN+2)CA ] Uu+, = x]d2(x) 
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IA,----/~Jo I (1 -- HA(x))(1 - Va(x))d2(x) 

o I (1 HA(x)-- VA(x)+HA(x)V.4(x)}d,~(x) 

= 1 --2a+Ia. [] 

Note that the supremum (infimum) is attained in A for a iff the supremum 
(infimum) is attained in A c for 1 - a, so that we may assume a _-< ½. 

We call the sets ((x, x )EJ2"x~J} ,  {(x, 1 - x ) ~ J 2 " x E J }  the diagonal, 
the cross diagonal, resp. 

Let Rd, resp. Rc be reflection w.r.t, these diagonals. We call a transformation 

(T × T) : j 2 ~  j2 

a product isomorphism if T'J- - .  J is measurable, measure preserving and 

almost everywhere 1-1. 

LEMMA 3 (Reflection and Invariance Lemma). For A CA and for a product 
isomorphism T X T we have 

IA = I u  = I,.~ = I(~×m. 

PROOF. We have ne.,~ = VA, n ~ ( x ) =  V a ( 1 - x )  and H( rx r~(X)=  
Ha(T-Ix) (and similar formulas for VA) which imply the statement. [] 

We will identify two sets A and B i f / z ( A A B )  = 0, and we introduce the 
habitual metric d: 

d(A,B) '=#(AAB) ,  A , B E A .  

LEMMA 4 (Continuity Lemma). For A, B ~A we have 

[IA--IBI < 2g(AAB) 

and therefore (for a, p E J) 

i Max(a) - Max(p) l < 21a - P I and I Min(a) - Min(fl) i _-< 2[a - fl I. 

PROOF. The first inequality follows from 

IIA --IBI = f HA(Va - VB)+ Va(HA -HB)dX 

<= f lv~- V~ldX + f lH~-H~ldX 

<-_ 2#(AAB).  
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The second inequality follows by choosing for a >/?  a set A with measure a 
such that I~ is close to Max(a), and a subset B of  A with measure p. Then 
/z(AZ2xB)---a--fl, and application of the first inequality yields the second 
inequality. 

The third inequality follows analogously. [] 

3. The sets where the maximal and minimal 2-correlations are attained 

We define the following sets for 0 < a < ½: 

A ~  :=  ([0, 1 - ~ - c~] × [0, 1]) U ([1 -- x/1 -- a, 1] × [0, 1 -- ~/1 -- a]). 

For a < ½, let 

where 

is such that 

Now let 

or equivalently 

A.  rain. = 

Finally we define 

S ' ~  

l +  ~V//1 - 2a ( N N  1 ~  ) 

N + I  

N :=  int (1 _---S~a) 

1 1 1 1 
- - - - - < o t < - - -  - -  
2 2N 2 2 ( N + l )  

Aft in :=  ((x, y ) ~ j 2  : y < s . i n t ( x / s ) }  

N - - I  

U 
i - I  

([is, (i + 1)s] × [0, is]) u ([Ns, 1] × [0, Ns]). 

A,,~? "= ((x, y ) ~ j 2 ,  y __< x) .  

We call A mi" a s ta ircase  se t .  

Straightforward computations show that both A~ m~ and A min have measure a 
(see Figs. 1-11). 

We call a set A with/~(A) = a <  ½ a dis turbed  s ta i rcase  set  i fA  is not a 
staircase set and if there exists a set B such that (N and s as above) 

A = B U  
N - I  

U ([x, x~+l] × [0, xA) 
i - - I  
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1 - -  ~ / 1  - - a  

i !ii iiiiiiiiiiiii i!iiiiiiii!iiiiiiiii!iii 
~/a 1 

Fig. I. A ~ ( O < a < ½ ) .  

1 

x/a  

!!!iiiiiiiiiii!i!iiii!iiiiiiii!ii!~!~!i!!iii~ 

iiiiiMiiiMiiiiiiiiiiiiiiiiii!iiiiii  
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2s 

Fig. 2. R 1 ,4mawll<  < 1). 

iiiii!i!iliiiii!i!i!i! 
iiii!!!i!!ii!i!iiiiii 
~!iiiiiiiiii!iiiiiiili 

0 s I 

Fig. 3. A~=in (0~_<a<~). 

s 2s 

Fig. a A.~(~__<~<~). 

3s 

0 s 2s 3s 1 

Fig. 5. A.=i~ (~<a<i). 

23 

0 s 2s N5 

Fig. 6. ,4~n(~ - I/(2N)--< a <  ½-  I/(2(N + 1))). 

1 
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with 0( = x0) < x~ < • • • < x~_ ~ < x~ = 1, and for some ioE {0, 1 , . . . ,  N - 1 } 

= j ' l  - ( N  - l)s,  i f / = i o  
x i + t  - x~ 

s, i f i  ÷ io, i E { 0 ,  1 . . . .  , N - l }  

and, for some 0 < 7 < x~+ ~ - x~, B is a subset of  

[X,o + 7, x~+,] × [x~, x~ + 7]. 

See Figs. 12-15. 

Fig. 12. Two disturbed staircase sets 
and the complements of the reflected 
(w.r.t. the diagonal) sets of two disturbed 
staircase sets. 

X/o+ 1 

x~,+ 7 

Xi, ° 

 ii!iiii!i!!ii!i!!iiiii!i!iiii!iiiiii il iili 
I I I 

X~ X~ + I 

Fig. 14. 

Fig. 13. 

Fig. 15. 
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4. Results 

THEOREM 1. 

12a - 1 + (I - a)3/2 
Max(a) [ a3/2 ½ ~ a N l .  

PROPOSITION 1. This supremum is attained in the sets A,  m~ for 0 -< a < ½ 

and in (A~_,)C for ½ <= a <= 1. 
Conversely, each set A with measure a and IA = Max(a) is product isomor- 

phic to one o f  the above-mentioned sets. 

For the proof  of Theorem 1 we refer to Katz [Ka] or Finke [F] or Gandolfi, 
Keane and de Valk [GKV]. 

Proposition 1 is proved in [GKV]. 

THEOREM 2. 

Min(a )=  

( N -  1)N .. 
6 ~ ~ t t _ 2 5 ) (  l + J ) 2 ,  i f O < a < ½ ,  

' i f a =  ½, g, 

2a - 1 + Min(1 - a), if½ < a < 1, 

with 

and ~ =  

REMARK. For ½ -- 1/(2N) _-< a < ½ - 1/(2(N + 1)) we have 1/N >= 6 > 0, so 
g----0 if a--- ½. Note that if  1/(1 - 2a) is an integer we have 

Min(a) = Min (~ + ~_N)= (N +I)(N + 2) = a (4a -  1) 
6N 2 3 

and in these points the function Min has a left derivative which is smaller than 
the right derivative. For the function Max this phenomenon only occurs at 
a = ½. (See Fig. 16.) 

Note further that Min(a) _-> a(4a - 1)/3 for all a E J .  
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1 

0.95 

0.9 

0.85 

0.8 

0.75 

0.7 

0.65 

0.6 

0.55 

0.5 

0.45 

0.4 

0.35 

0.3 

0.25 

0.2 

0.15 

0.1 

0.05 

0 

Min(a) 

0.05 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95 1 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

O t ~  

Fig. 16. The functions Max and Min. 

PROPOSITION 2. The infimum is attained in the staircase sets Aa rain for 

0 < a  < ½,(Amin~cr"r l <  < 1,anditisalsoattainedinthedisturbedstaircase ~ l - -a]  , I  t ' ,  2 ~  O l ~  

sets for a < ½.and in the complements o f  these for a > ½. 

Conversely, when 1/(1 - 2a) is an integer or a = ~, i f  the infimum is attained 

in some set A EA  with measure a, then A is product isomorphic to a staircase set 

(a < ~), or to the complement o f  a staircase set (a > ~). 

When a ÷ ½ and 1/(1 - 2a) is not an integer, i f  the infimum is attained in 

some set A E,4 with measure a, then A is product isomorphic to a staircase set or 
to a disturbed staircase set (a < ½) or to the complement o f  one o f  these sets 

We prove Theorem 2 in Section 5 and we prove Proposit ion 2 in Section 6. 
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5. Proof of Theorem 2 

Let a > 0 be fixed. In six steps we will, by various rearrangement procedures, 
gradually diminish the size of  the collection of  sets A for which I~ -- Min(a), 
until we reach the staircase sets, so proving the statement of Theorem 2. 

Step I. Standardization 
By the continuity lemma we may approximate a set A (/z(A) = a) by a finite 

union of squares of the form [x, x + $) X [y, y + $) with x, y ~ J ,  where $ > 0 
is the reciprocal of  an integer. 

Then HA and Va are constant on intervals. We rearrange Jwi th  a transforma- 
tion T (a permutation of intervals) such that Htrxr~ is non-increasing (see 
Figs. 17 and 18). We use the notation ~ : = T X T. 

The Invariance Lemma implies that Iu  = In. 
We say that a set is in standard form if it is the set under  (the graph of) a non- 

decreasing function. We will obtain from zA a set A'  in standard form with 
I~, < I~. This is accomplished by moving squares horizontally to the right. 

If  zA is not in standard form, then there exist squares S~ and $2 such that 

S 1 : =  [Xl, X 1 "4- ~) X [y, y + ~) is a subset ofzA, 

$2 :=  [x2, x2 + $) × [y, y + $) is disjoint with zA, 

for some Xl < x2. Define the set azA (Fig. 19): 

iiiiiiiili~i~i!~!iii~ili~ii:=~!ili~i:~:i:~,::::: 
iiiiiiiiiiiiii!i!iiiiiiiil ~iiiii:!:i:iE:i:~:! 

Fig. 17. A. 

z = T X T  

y + $  

Y 

i!i!i! !iiii! !i!iii ~ 
~iiiii iiiii: ,s, 

;:iiiiii:?:i:: ii~ iiii~ ~ ili!ii 

?:iii:: i!i!!i:. :.~ii!i ~ii~i ii~i iiilil iiili ii~i~i 
x~+$ x~+$ 

x~ X2 

Fig. 18. rA. 

17 

__.___, 

y + $  

Y 

!iiiiii~ilili!~i~ili~ 

xl +4 x2+~ 
xl x2 

Fig. 19. trzA. 

oT,4 :-- (~A \$1) u $2; 

then l t ( t rzA)  = tz(zA ) and we will prove that I N  _-< I~.  
We have H ~  = H~A =:  H and 
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Therefore 

V~r~ (X) - -  

/TA - - / O ~  = 

{ V,A(X)--6, ifx~[x~,x~ +6) ,  

V~(x)V~(x),+ 6, else.ifxE[x~' x2 + 6), 

~,,+6 6H(x)dx fx, 6H(x)dx - f ,  x~2+' 

= 6~{H(x,) - H(x~)} 

_>-0. 

Note that we have equality iff H is constant on [x~, x~ + 6). The set A' (in 
standard form) is obtained from A by applying ~ (once) and a finite number of 
shifts of the type a. Using these facts we obtain the next claim, in which we 
introduce the notation fA and Af (to stress the correspondence between a 
non-decreasing function f a n d  a set A in standard form that is the set under f ) .  

CLAIM 1 (Standardization). 

Min(a) = inf{Ia : #(A) = a, A = af~A in standard form, 
fa finite valued} (a E J). 

REMARK. From Helly's selection principle ([Luk] par. 3.5) it follows that 
the infimum is actually attained in some set in standard form. 

Step 2. (Under the diagonal) 
Because of the Complement Lemma we assume that a < ½. It is easy to see 

that Min(a) -- 0 for a < ~; take e.g. A = [1 - x/a, 1 ] X [0, x/a]. 
Therefore we assume further in this proof that ~ < a < ½. 
Take a set A in standard form with measure a and such that f~ is finite 

valued. Assume that A does not lie under the diagonal (a set A lies under the 
diagonal if A is a subset of A ~ ) .  We will transform A to a set lying under the 
diagonal such that IA does not increase. 

Let A be a union of 6 × g squares. We choose 

and 
St :=  [xl, xt + J) × [Yt, Y~ + J) subset of A 

$2 :=  [x2, x2 + 6) X [Y2, Y2 + 6) disjoint with A 

such that S~ lies above the diagonal and $2 lies under the diagonal (by passing 
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from t~ to ½J we may assume that there exist such squares entirely above or 
under the diagonal), and such that 

f , (x ,  -)_-< s,, f , ( x 2 +  a + ) > y 2  + a  

(these conditions guarantee that the transformed set will be in standard form). 
Let g be such that 

A, --- (Az \ Si) U S2. 

We will prove that I4, < I4c 

We say that a rectangle [x', x") × [y', y") (disjoint with the diagonal and a 
subset of a set A in standard form) interferes with the horizontal sections HA (x) 
with x' < x < x" and with the vertical sections V4(y) with y' < y < y". 

We introduce this definition because the removal of this rectangle from A 
decreases 14 by the amount (as follows from the computation in this step) 

• VA(y)dy 
( s "  - s ' ) .  (x" - x ' ) .  + ( s "  , 

( ( x "  - x ' )  - y ' )  

i.e., the change in 14 equals the area of the rectangle times the average value of 
the sections with which the rectangle interferes. 

The intuitive idea behind the inequality I4, < I4sis the fact that the square S~ 
interferes with the sections marked with a - sign and the square $2 interferes 
with the sections marked with a + sign (in Fig. 20); the first total is larger than 
the second. We have 

fXl+6 fy,+6 I~ - 14,\s, = H4(x)Sdx + V4(y)t~dy 

>_- d~ .(1 - x,).d~ + a .(y, + a).d~ 

and analogously 

which implies 

/~x2+6 
--  I a , =  --  | H 4 ( x ) t ~ d x  - [ 2+J 

CY 
VA(y)~dy 

J x~ d ~  

>= - ~ - ( 1  - x2  - ~ ) ' ~  - ~Y2a 

I& - -  IAt >--_ t~2(y l  - -  X I "3 I- X 2 - -  Y2 + 2 ~ }  = 4~  3 > 0 

since Xl + ~ < Yl and x2 > Y2 + ~. 
We write our conclusions in the next claim: 
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X2+'~ 
X1 

.v2 

y~ + ~  

Yl 

x~ + 5  

xl  

L 

sl[-" 
° ° . °  

:::.~: 
.,....... 
::.~.: 

• .',:. .'.:.:.: 

: ' ~ "  iiNi • • . °  . 

* . * ° , , • ,  :.:.'.: 

:•:.:,: . . . .  
• : ~ .  ~:!~:  
% . . .  • ° ° ° 

• "" '" i : i ~ :  
• . * . -  • ° . . ° . ° . °  

..,,-,, .:.:.:.; 

.:44. ::'.~: 
':::::: :.:.:.:. 
: .~: :::~: 
:i:i:i: :::::::: 

j t!::~i , ;!:~.~ 

x l  Yt Y2 
x ~ + 6  y~+ t~  y 2 + t ~  

Fig.  20. 

f~  

x2 

& 

I I 

x~+6 

CLAIM 2 (Under the diagonal). For ~ < a < ½ we have 

Min(a) = inf{/A : A EA,  #(A) = a, A in standard form, 
A under the diagonal, fA finite valued}. 

LEMMA 5 (Windowing). Let fA : J - *  J be a non-decreasing function such 

that fA ( a ) = a , fA ( b ) = b for  some 0 < a < b <= 1. Define 

A w :-- A n ([a, b] × [a, b]) 

and let H w and V ~ be the corresponding sections on [a, b] (Fig. 21), 

H W : - ~ H A - ( 1 - b )  and V ~ : = F A - - a .  

Let a ~ :=/t(A ~) and 
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/ 
0 a b 

H w 

A w 

I 

Fig. 21. 

~a  b 
IA- ---- H~(x)V~(x)dx,  

then 

IA = IA, + ~ H,~(x)VA(x)dx + (1 - b + a)a ~ + (b - a)(1 - b)a. 
J !  0,alo[b,l] 

PROOF. We have 

Yab /A -- 0,alutb,q HA(x)Va(x)dx = (HW(x) + 1 - b)(l/~(x) -F a)dx 

/o F = bH*(x)V~(x)dx + (1 - b) V~(x)dx 

Y; + a HW(x)dx + (b - a)(l  - b)a 

= I , 4 , + ( 1 - b + a ) a W + ( b - a ) ( l - b ) a .  El 

COROLLARY. Assume fA is as in this lemma,  and we change fA on (a, b) area 

preservingly to fB (i.e. It(A) = It(B)). Then IA will change by the same amount as 
1,4.. 

Step 3. (Moving to the diagonal) 

Let A be a set in standard form, lying under the diagonal, such that for some 

positive integer N 
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N 

fA = ~. Yi" 1[~,.~,+,) 

with O = x o < x ~ <  • • • < x ~ + t  = 1. 

Let di : =  x~ - x;_~ and c~ : =  y~ - Y~-I (i = 1 . . . .  , N + 1). Assume that 

U ( A )  :=  card{ i " yi < xi } > O, 

then we will prove the existence of  a set B in s tandard form, lying under  the 

diagonal, with the same measure as A, and with a finite valued functionfB such 

that IB _-</A and U(fB) < U(fA). 
We first give an intuitive sketch o f  our  procedure  (cf. Figs. 22 and 23). Let i 

be the first index such that y, < x~. We will changefA on [x~_ i, x~ + t). Because of  

the Windowing Lemma we may restrict our at tention to the square [xi- 1, l] X 

Ix,_,, 1]. 
We transform the rectangle [xi, x~+l)×  [Yi-1, Yi) (with area di+l" ci) such 

that U(fA) reduces by one. We change it to a rectangle with height c~ + C~+l. 

Th i s  is possible if  (Case I, Figs. 22 and 23) 

4 +  1 *C i ~_~ ( X i +  l - -  Y i + l ) . ( C  i "~- C i +  1) .  

Xi- 1 

J . . . . .  

i -  F . . . .  

[ - -  "-r" - -  - -  m 

I I J Y i + I  
I I I 

Yi 
Y i -  I 

Xi  - 1 X~ Xi + I 

Fig. 22. Case I. Before the transformation. 
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xt_I ¸ / 

l- 

fa 

..,,-... ;.:.;.;. ..,..,.. 
:-;.3;, 

Xi_l X~ Xi+l 

x~+~ - a  

Fig. 23. Case I. After the transformation. 

Yi+I 

I - - - - -  f A _ _  

I..-4--, 

X~ 1 L ~ ~  

0 x~_l xi xt+t 

Yi+l 

Y i  - I 

Fig. 24. Case II. Before the transformation. 

Otherwise (Case II, Figs. 24 and 25) we transform it to a rectangle that has one 
comer on the diagonal and lies as far as possible to the right. The rectangle with 
area di+~.c~ interferes before the transformation with the set of  horizontal 
sections H,~(x), xi < x < xi+l and after the transformation it interferes with 
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Xi-i. 

/ 
0 ---.4 t-.......4 

Xi-i xi+t--a Xi+l 

Y i +  1 

Yi - 1 

Fig. 25. Case II. After the transformation. 

Case H. 

Replacing 
have 

the subset of horizontal sections HA(x) ,  xi+ 1 - - a  ~ - -_x<x i+  1 (in Case I, 
a : = d ~ + ~ . c J ( c i + c i + O ;  in Case II, choose O<a<d~+~ such that 
a .(d, + di+, - a)  = d,+l .c,). 

Because the first set contains some large sections, which are not contained in 
the subset, this subset has a smaller average value (see definition of inter- 
ference). This crucial observation implies that IA will decrease. (Note that 
the vertical sections V ~ with which the described rectangles interfere, have 

length zero.) 

Case I .  (d i+l 'c i  <=(x~+l - y i + O ' ( c i  +ci+O) 
Replacing [xi, x~+l) X [Yi-~, Yi) by [xi + ~ - a ,  xi + O X [Yi-~, Yi + l) we have 

.;- f - f /'" ..,x,(c, 
I I + l - - a  

ff+' M'(x)c,+,ex 
' J  Xt, d + l - - a  

> (di+, - a)'HW(x~+m - a ) . c i  - a .H"(x~+~ - a ) . c i+ l  

~ 0 .  

(d~+lci >= (xi+l - Y i + I ) "  (¢i + Ci+l)) 

[x~, xi+O X [y~_~, y~) by [xi+~ - a, x~+~) X [y ,_ .  x~+~ - a) we 
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IA~-- IB = f ;'+' HW(x)c,dx -- f ~ ~'÷' H W ( x ) ( x i  + l - -  a - -  Y i _ l ) d X  
i i + l - - a  

= ~,~x'+'-anw(x)cidX--x, fx, '÷'+, - a  HW(x)(xi+'--a-yi_t-ci)dx 

> (di+l - a)'HW(xi+l - a) .ci  

- a .HW(xi+l - a) '(xi+l - a - Y i - 1  - ci) 

= 0 .  

It is easy to see that we can reduce U(fA) to zero, while Ia does not increase, and 

we conclude 

CLAIM 3 (Moving to the diagonal). For ~ < a < ½ we have 

{IA t~ Min(a) = inf : A ~ A, # (A) -- a, for some N ~ N, fa = ~ xi .  1 tx,,x, +,), 
i - I  

0 - - - -x0<x l<  " . .  <XN <XN+I = 1 t .  

Step 4. (Rearrangement) 
We will prove that we may assume that (di)~ + t  is a non-increasing sequence. 

Let A be a set as in Claim 3 and assume that for some i E { 1 . . . . .  N} we have 

d, <d ,+ , .  

We will changefa on [x~, x~ + ~) area-preservingly such that for the new function 

g we have d[ > d[+l and Ia~ = IA,. 

The intuitive idea behind this equality is the fact that both rectangles with 

area d~ +~. di interfere with horizontal sections of  the same constant length (see 

Fig. 26). Because of  the Windowing Lemma we may restrict our attention to 

Xi+l 

xi-, +di+l 

x~ 

Xi-i  
j / I  , J ~ t  
, /  I_J__J 

0 xi - l 

Fig. 26. 

I I I 

x~ Xi+t 
xi-i + d~+t 
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[Xi_l, X i + l )  X [Xi-l, X i + l ) .  We replace [x;_~ +d i ,  Xi+l) X [ X i - l ,  X i -  1 "3 I- d i )  by 
[xi-t + d~+~, x~+~) X [xi_t, x~_~ + di+~) and it is t r ivial  that 

IAI -- IA, (because H w = 0 or  V ~ = 0). 

We conclude  

CLAIM 4 (Rearrangement). For ] < a < ½ we have  

Min(a)  -- i n f  IA : A Ee l ,  g (A)  = a,  for  some N E N ,  fA -- Y~ x i .  ltx,,x,÷0, 
i-I  

O = x o  < X l  < • "" <x~r <XN+I---- 1, 

Step 5. (Equality of Differences) 
Let A be as in Claim 4. We will p rove  that  we m a y  assume that 

d I = d  2 . . . . .  d N ~ d N +  I. 

Assume  tha t  for  some i ~ { 1 . . . .  , N - 1 } we have  

di > di+~ ~ d~+2. 

We will change fa area-preservingly to g on  [x~_ l, x~+2) (cf. Fig. 27). Because 

Xi+2 

xt+l + 6 

Xi+ I 

Xi 

x i - 8 

X i -  I 

X i - ! 
I I 

xi  - -  £ x i 

Fig. 27. 

A 

g 

g 

] i 
x i+ l  x~+l -{- 6 

I 

x~+2 
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of  the Windowing Lemma we may restrict our attention to [x~_~,x~+2)X 

[xi-l, xi+2). We will obtain IA, < IA~.:. 
Let 0 < e < di - dj+v Since dj > d~+~ > dr+2 we can find t~ > 0 such that 

(*) 

Define 

e(di  - e)  + a (d i+2  - = edi+  + adi+  + 

d [ : - - 4 - e ,  d [ + 1 : = d i + l + e + 8 ,  d ; + 2 : = d i + 2 - ~ ,  

and let g be the changed version off(corresponding to d', d'+ ~, d'+2), then 

IA , - IA  =d ,+ , .d , . d ,+2-d[+~.d[ .d[+2  (use(*)) 

= e(di - di+2)(di - di+l) -- e2(d, - d,+2) - ed(di+ l - d,+2 + e + ~) 

and this is positive if t is small enough (~ ~ 0 if e --* 0). We conclude 

CLAIM 5 (Equality of Differences). For ¼ < a < ~ we have 

Min(a) = inf IA : A E A,/z (A) = a, for some N E N, fa = Y. xi. l [x,,x,+,~, 
i - - I  

O--xo<X~ < . . .  < x ~ < x N + ~  = 1, 

dt . . . . .  d• > d~+l}. 

Step 6. (Conclusion) 

These computations will prove Theorem 2. Let A be as in Claim 5, and set 

s : = d t  . . . . .  du. We have 1 / (N+  1 ) < s  < 1/N and (see e.g. Fig. 6) 

- t N ( N  + 1)s2 
a = / t ( A ) =  Y. s . i s + ( 1 - N s ) . N s = N s  

i - - I  2 

this implies 

$ ---- 

N + I  
+ sign because s > 1 i )  

= N +  " 

Further, for IA we have 
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N-l s2.N(N- 1) 
I~= Y~ s . i s ( l - i s - s ) =  

i - - I  6 
{3 - 2(N + 1)s) 

= (6-~?~1~. (1 - 2t~)(1 + t~): , 
( ) 

when we write 

This is the formula for Min(a) in Theorem 2. We have computed Min(o0 for 
a < ½. The continuity of Min(a) leads to Min(~) = ~ (use N--- oo and t5 --- 0 

ifa-- '~). 
The Complement Lemma leads to the formula for a > ½. [] 

6. Proof of Proposition 2 

In Step 6 of Section 5 we proved that the infimum is attained in the 
staircase sets. A straightforward computation shows that the infimum is also 
attained in the disturbed staircase sets. Observe that the subset B (in the 
definition of a disturbed staircase set in Section 3) interferes with sections of 

the same size as a rectangle. 
Let A EA be a set with measure a < ½, where the infimum is attained. We can 

generalize Steps 1-5 of the proof of Theorem 2 to A with IA -- Min(a). Two 
integrable functions f ,  g:  [0, ~ )  ~ [0, ~ )  are called equimeasurable (see [HLP] 
par. l 0.12) if 

2{x: f (x)>y)=2{x:g(x)>y}  for a l ly  > 0 .  

Let f :  [0, oo)---[0, ~ )  be an integrable function. It is a well-known fact that 
there exists a non-increasing function g (the so-called equimeasurable decreas- 
ing rearrangement of f )  such that l a n d  g are equimeasurable. 

Let H* be the equimeasurable decreasing rearrangement of HA. We define 

A~ :=  {(x ,y)EJ2 : 1 -H*(y)<x}.  

Then AI is a set in standard form and this method of standardization 
generalizes Step 1. A simple approximation argument yields Ix,--< IA, but 
IA, = IA because the infimum is attained in A. 

If A, does not lie under the diagonal, then we can strictly reduce IA, (and 
obtain a set A2) by moving a part of A, lying above the diagonal to a place under 
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the diagonal, as a slight modification of  Step 2 shows (consider the interference 
in Fig. 20). Therefore we may assume .4~ =.42, and this set lies under the 
diagonal. 

A modification of Step 3 (approximation by stepfunctions) transforms .42 to 
a set of the type in Claim 3, such that IA, < IA, (but again IA, = IA~). 

Application of Steps 4 and 5 (unmodified) leads to sets .44 and.45 of the type 
in Claim 4, Claim 5, resp. with IA, = la, = IAs. 

We consider.45 and go backwards to determine what.4 can be. If.44 is not of 
the type in Claim 5, then the computation in Step 5 would imply that I~, < IA,. 

So .44 = .45" 

Because rearrangement does not change la, we conclude that.43 is of the type 
in Claim 3 with di = d for all i ÷ i0 (for some i0). Because IA2 = IA,, the set .42 
( = .40 is a staircase set or a disturbed staircase set in standard form (see the 
interference in Figs. 24 and 25). Note that the edgepoints (xi, x~) (i ~ i0 - 1) 
cannot be removed from the diagonal without changing the measure of the set. 
We consider the effect of moving some subset of.4~ horizontally to the left. If  
the new set is still a staircase set or a disturbed staircase set, then IA, will not 
change. But if the new set is no longer of this type, then IA~ will change as a 
step-1-type computation shows (consider the interference with the horizontal 
sections). So before the process of moving rectangles to the right (as in Step 1), 
we already had a staircase set or a disturbed one. So.4 is product isomorphic to 
a set of this type. This proves Proposition 2 for the case a < ½. 

The case a = ½ can be proved analogously. The case a > ½ follows from the 
case a < ½ (use the Complement Lemma). [] 

7. Remarks 

(1) Katz proved a kind of symmetrization theorem ([Ka], Th. 3, p. 66) for 
the maximum case; for each set A, which is the set under (the graph of) a non- 
increasing function fA (standard form in maximum case) and which is not 
symmetric (w.r.t. the diagonal), there exists a symmetric set A sru (in standard 
form with the same measure as .4) such that 

IA >IA. 

`4svM is obtained in the following way. Let 

x0 :-- sup{x E J :  fA(x) > x}, 

let fe,,(A)be the function corresponding to Rd(A), let 
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g : =  ~(fA + f~(A))" l[o.xol, 

let Cg be the set under g, define ASW as 

A s ' ~  : =  C~ o R.(CA. 

(See Fig. 28.) This symmetrization method does not work in the min imum 
ease; i.e., given a set A (set under a non-decreasing function) we can construct a 
set A'SW (symmetric w.r.t, the cross diagonal) in an analogous way, but we will 
not always have IA,,-, < IA, as the next counterexample shows. 

Let f =  ~. 1[2/5,4/5] + ]. 114/5,~), then a -- ~ and IA~ = 0.032 = Min(a), but 
IA,,~, -- 0.036. The infimum is attained in A, but not in A 'svM, which does not 

touch the diagonal in each step (terminology from Step 3). 
(2) Extension of the problem from j2 to R 2 is not possible. Given a set 

A C R 2 with measure a we can define Ha and VA in the usual way, but the 
problem is that 

f )~  HA(x)VA(x)dx 

can diverge. So the supremum is infinite. Further, the infimum is zero (take e.g. 
A c (0, oo) × ( - oo, 0)). 

(3) In the min imum case there exists a continuous (w.r.t. d) mapping 

F:J--*A 
such that 

I~¢a) = Min(a) for a ~ J.  

0 t 
xo 

Fig. 28. 
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In the maximum case such a mapping is discontinuous in a = ½. For a < ½ we 

have (independent of the choice of the set A) 

Range(HA) = { 1 - x/1 - a, 1 } 

and for a > ½ 

Range(HA) = {x/a, 0}. 

If  F could be chosen to be continuous, then the range of  HA would depend 

continuously on a. 
In other words: in the maximum case the sections of A ~  and (A~X) c have 

different ranges and in the minimum case the sections of A~" and (A~") c have 

the same range. 
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